We give an answer to the question given by T.Y.Kong in his article Can 3-D Digital Topology be Based on Axiomatically Defined Digital Spaces? [10] . In this article he asks the question, if so called "good pairs" of neighborhood relations can be found on the set Z n such that the existence of digital manifolds of dimension n − 1, that separate their complement in exactly two connected sets, is guaranteed. To achieve this, we use a technique developed by M. Khachan et.al. [7] . A set given in Z n is translated into a simplicial complex that can be used to study the topological properties of the original discrete point-set. In this way, one is able to define the notion of a (n − 1)-dimensional digital manifold and prove the digital analog of the Jordan-Brouwer-Theorem.
Introduction
Since the beginning of the research in digital image processing, the question of the definition of a sound topological framework arose. Though in the two dimensional case a solution was easy to find, its generalization to higher dimensions seemed very hard. This is easy to see from the vast amount of theories under consideration by the community. The central goal was to find preconditions so that a discrete analog to the theorem of Jordan-Brouwer-the generalization of the Jordan curve theorem to arbitrary dimensions-is satisfied. The Jordan curve theorem states that every closed curve in the plane, that is simple, i.e. has no crossings, separates the plane in exactly two regions: Its inside and its outside and is itself the boundary of both of these sets.
In this paper, we restrict the discrete setting to lattices Z n for n ≥ 2. This is sufficient, since it is possible to embed other settings in these sets and Z n is very suitable in geometric terms as Albrecht Hübler shows for the 2-dimensional case [5] . The main focus is on the adjacency relations with which we add structure to the Z n . As figure 1 shows, the validity of a discrete "Jordan curve" theorem depends on the adjacency relations we apply to the points. It is in general not sufficient to use the same adjacencies for the white and black points, i.e. the background and the foreground, as this picture shows and so we have to deal with pairs of such relations. The pairs of adjacencies that make it possible to define a correct discrete notion of a simple closed curve are called "good pairs". In this paper we will solve the problem of defining a discrete (n − 1)-manifold in Z n , which is the n-dimensional analog to a simple closed curve, and characterize the good pairs in all dimensions greater than 2. respectively, the set of black points is connected (8-adjacency) or disconnected (4-adjacancy). Also the set of white points may be connected (8-adjacency) or disconnected (4-adjacency). Only 4-adjacency is depicted.
The first person to give an idea for the 2-dimensional case was A. Rosenfeld [12] in 1973. E. Khalimsky [6] studied very special topological adjacency relations, which were suitable in any dimension, during the early 1980s. In the 1990s, G.T. Herman [3] proposed a framework with very general neighborhood relations, he tried to make the Jordan curve property to a property of pairs of points. Unfortunately the approach does not resemble the intuition given by the Euclidean case. Anyway, the theory showed a promising method, how to generalize the concept of a good pair to higher dimensions.
Later, in 2003, M. Khachan et al. [7] brought together the theory of pairs of the form (2n, 3 n − 1) in arbitrary dimensions n. They were the first ones using the notion of the simplicial complex, a basic structure known from algebraic topology. This approach led to deeper insights, but it was bound to the very special adjacency-relations used by the authors.
T.Y. Kong [10] renewed the question of finding a general theory for the problem of topologization of Z n in 2001. The Approach we a taking is a new definition of good pairs in dimensions greater than 2 and a new general concept of a (n − 1)-manifold in Z n . For a given (n − 1)-manifold M in Z n we are able to construct a simplicial complex K (M) , that preserves the topological properties of M, if Z n is endowed with a good pair of adjacencies. The complex K(M) then has nice topological properties-it is a so called Pseudomanifold (as studied by P.S. Alexandrov [1] ) and therefore, we are able to embed it in n-dimensional Euclidean space in a natural way. By doing this we are defining a real manifold if and only if the adjacencies on Z n were chosen correctly and the real version of the Jordan-Brouwer Theorem can be applied.
The paper is organized as follows: In section 2 we give basic definitions to make precise the topological and graph theoretic terms. In section 3 we give the definition of a digital manifold and study its basic properties. Also we give a new and general definition of a good pair. In section 4 we introduce the Theorem of Jordan-Brouwer. Together with the notions of digital manifolds and good pairs, we are able to construct a simplicial complex with the same topological properties as the digital manifold. Having this tools established, we can give the general proof of the discrete variant of the Theorem of Jordan-Brouwer in arbitrary dimensions in section 5 . The proof consists of three parts, all involving heavy case differentiations of technical nature. We end the paper with Conclusions in section 6.
Basic Definitions
First of all, we review some definitions from the field of simplicial complexes. Our goal is to construct these objects from subsets of Z n .
Simplices and Simplicial Complexes
Definition 1 Let x 0 , . . . , x k ∈ R n be affine independent points. The set
is the (open) simplex with vertices x 0 , . . . , x k . We also write σ = (x 0 , . . . , x k ). The number k is the dimension of σ. Sometimes, for brevity, we call σ just k-Simplex.
Let σ, τ ⊆ R n be simplices, then τ is called face of σ, in terms: τ ≤ σ, if the vertices of τ are also vertices of σ. The relation τ < σ means τ ≤ σ and τ = σ.
Definition 2 A simplicial complex K in R n is a finite set of simplices in R n with the following properties 1 . For any σ ∈ K and τ < σ is τ ∈ K.
2. For any σ, τ ∈ K with σ = τ holds σ ∩ τ = / 0
Let K be a simplicial complex in R n . The geometric realization of K is the set
A simplicial complex K is homogenous (n − 1)-dimensional, if every simplex in K is face of a (n − 1)-simplex in K. A homogenous (n − 1)-dimensional simplicial complex K is strongly connected, if for any two (n − 1)-simplices σ and σ ′ exists a sequence of (n − 1)-simplices σ = σ 0 , . . . , σ l = σ ′ , such that σ i and σ i+1 share a common (n − 2)-face for every i ∈ {0, . . . , l − 1}. The complex K is non-degenerated, if every (n − 2)-simplex σ is face of exactly two (n − 1)-simplices.
Definition 3
A simplicial complex K is a combinatorial (n − 1)-pseudomanifold without border, if 3 . K is strongly connected.
K is non-degenerated,

Adjacencies
To establish structure on the points of the set Z n we have to define some kind of connectivity relation.
Definition 4
Given a set P , a relation α ⊆ P × P is called adjacency if it has the following properties:
2. P is connected under α.
Every finite subset of P has at most one infinite connected component as complement.
A set M ⊆ P is called connected if for any two points p, q in M exist points p 0 , . . . , p m and a positive integer m such that p 0 = p, p m = q and p i+1 ∈ A(p i ) for all i ∈ {0, . . . , m− 1}.
In the text we will consider pairs (α, β) of adjacencies on the set Z n . In this pair α represents the adjacency on a set M ⊆ Z n , while β represents the adjacency on M c = Z n \ M.
Let T be the set of all translations on the set Z n . The generators τ 1 , . . . , τ n ∈ T of Z n induce a adjacency π in a natural way:
We can use the standard base of R n as the generators of Z n , since all sums of integer multiples of this base is a point in Z n .
Another important adjacency on Z n is ω.
Lemma 1 For every n ≥ 2 and all p ∈ Z n the set ω(p) is connected under π.
In the rest of the text let α and β be two adjacencies on Z n such that for any
Lemma 2
The set Z n is connected under π.
Proof.
Let p, q be any two points in Z n . We need to show that there exists a π-path from p to q. Let p = (p 1 , . . . , p n ) and q = (q 1 , . . . , q n ). We prove by induction on
In the case k = 1 the points p and q only differ in one coordinate i by 1, since all terms in the sum are positive and integral. It follows τ i (p) = q respectively τ −1 i (p) = q and thus q ∈ π(p). In the case k > 1 we look for the smallest index i ∈ {1, . . . , n} such that p i = q i . The point
is by definition π-adjacent to p and
By the induction hypothesis exists a π-path
and p, p (0) , . . . , p (k−1) is the path we are looking for.
Definition 6
A point p ∈ M ⊆ Z n is called simple for the pair (α, β) if the following properties hold:
1. M and M \ {p} contain the same number of α-connected components.
M c and (M \ {p})
c contain the same number of β-connected components.
Figure 2: (a) The depicted set is connected under π and could be understood as digital surface.
(b) The π-neighborhood of a point p is not necessarily homotopic to a curve as the topological case would imply.
The Separation Property
We call the set
Indeed, we can construct any k-cube C from one point p with k generators in the following way:
The dimension of C ′ is then k + l. We use this construction in the next definition. 
In the following, we only consider the case when C ∩ M has at most one α-component. This can be justified by viewing any other α-component besides the one considered as part of the background, since there is no α-connection anyway. This property also gets important if we study the construction of the simplicial complex.
A set M has the separation property under a pair (α, β), if for every k-cube C, 2 ≤ k ≤ n as in the definition 7 the set M c is in C not separated by M
The meaning of the separation property is depicted in the figure 4.
Lemma 3 Let C be a k-cube for 0 ≤ k ≤ n that has exactly two β ′ -components in C \ M. Then we can bound the number of points in C ∪ M as follows:
Figure 3: C * has an intersection of maximal cardinality with the α-component M ′ . The sets
, the property of definition 7 is satisfied for this C * . But the set M ′ separates M c in the In the cases (a) to (c) the complement, which is connected, is separated by M. This separation is depicted by the gray plane spanned by C * and τ 1 τ 2 (C * ). In Figure ( d) occurs no separation, since the only choice for C * would be a 1-cube, that contains only black points.
Proof.
The upper bound follows from the existence of at least two points in C \ M and the observation that a k-cube has 2 k vertices.
The lower bound stems from the case that one of the two β-components is a singleton. Because then at least al the neighbors of this one point need to be in M. There are k such points.
Lemma 4 A β-component of C \ M in a k-cube C with l elements has at least
Proof. First, we fill a m-cube C m with the l points such that m is a minimal integer and C m contains all the points. This cube can be translated in C in (k − m) ways. Therefore, each of the l points in C m has (k − m) π-neighbors in C. Finally, we can also have 2 m − l neighbors in C m .
Lemma 5
Let M ⊆ Z n be a set that has the separation property and for every cube C let M ∩C be α-connected. Let K be any
This lemma guarantees that one β-components of any C \ M cannot be split into two or more components in any subcube of C.
If C * and τ 1 (C * ) lie completely in M then we consider instead of the given C ′ the new
Starting with the case l = 2 we can see, that there exists a (l − 2)-subcube C * of C ′ that contains a maximal number of points of M, otherwise, C ′ \ M would contain only one β-component.
Using the separation property for this C * we find
This shows that C ′ \M is π-connected. This contradicts our assumption on the existence of two β-components in C ′ .
Digital Manifolds
Definition 8 An α-connected set M ⊆ Z n , for n ≥ 2, is a (digital) (n − 1)-manifold under the pair (α, β), if the following properties hold:
1. In any n-cube C the set C ∩ M is α-connected.
2.
For every p ∈ M the set ω(p) \ M has exactly two β-components C p and D p . 3 . For every p ∈ M and every q ∈ α(p) ∩ M the point q is β-adjacent to C p and D p .
M has the separation property.
The independence of the four properties is depicted in the figures 5 to 8. 
Proof.
We know:
Let p be any point in M. The set ω(q) \ M consists per definitionem of the two β-components C p and D p . Every point q ∈ α(p) is β-adjacent to both of these components. Furthermore, p is β-adjacent to both of them. The set ω(q) also consists of two β-components C q and D q , whereby the naming can be made consistent by saying C q is the component that contains a common point with C p and analogue for D q .
C p and C q are nonempty and contain a common point, therefore the union of the both sets is β-connected.
Let a and b be any two points of ω(M) \ M. By definition there exist two points p and q with a ∈ ω(p) and b ∈ ω(q). Since M is α-connected, there exist an α-path P of the form p = p 0 , p 1 , . . . , p k = q in M. This path induces the following sets that are β connected by the observation above:
and If a and b lie in the same set C P or D P respectively, then the two points are β-connected.
Otherwise no β-path between the two sets can exist.
Let M ⊆ Z n be a (n − 1)-manifold. The following two definitions base upon the last theorem:
C M := {C P : for every path P between any two points p, q ∈ M} (18) D M := {D P : for every path P between any two points p, q ∈ M}
We recapitulate the notion of the elementary equivalence of paths given by G.T. Herman [3] Let w and w ′ be paths in P under the adjacency α of the form 
A pair (α, β) of adjacency relations on Z n is a separating pair if for all p ∈ Z n the set β(p) is a (n − 1)-sphere.
Double Points
Definition 9 A point p ∈ β(z) z ∈ Z n is a double point under the pair (α, β), if there exist points q ∈ π(z) ∩ α(p) and r ∈ β(z) ∩ π(p) and a simple 1 translation τ ∈ T with
This concept is the key to a local characterization of the good pairs (α, β). Without it, one could not consistently define topological invariants like the Euler-characteristic. It means that an edge between points in a set M can be crossed by an edge between points of its complement and these four points lie in a square defined by the corresponding adjacencies. This crossing can be seen as a double point, belonging both to the foreground and to the background. Also, mention the close relationship to the separation property, which is a more general concept of similar interpretation. An adjacency relation α on Z n is regular, if at least one of the following holds:
For every rotation
ρ on Z n is p ∈ α(q), iff ρ(p) ∈ α(ρ(q)).
Degenerations
Lemma 6 Let (α, β) be a separating pair of regular adjacencies on Z n . If β(p) contains a double point for any p ∈ Z n , then exists a set, for which the Euler-characteristic cannot be defined.
Proof.
Our argumentation follows section 7.5.3 in Klette and Rosenfeld [9] . Choose any z ∈ Z n such that β(z) has a double point p. There is a (discrete) line g(z, p) = {q ∈ Z n : τ i (z) = q, i ∈ Z} with generator τ through z and p with τ(p) = z. Let p ′ = τ(z). So p, z, p ′ are three consecutive points of this line. Because of the regularity of β the point p ′ lies in β(z).
Furthermore p ′ is a double point. In the case of the rotational invariance of β this is immediately clear by rotation of p in β(z) and in the case of translational invariance the proposition follows by exchanging of the roles of τ(z) and τ(p) and the translation of the points q and r to τ(q) and τ(r) in the definition 3.1 of double point.
The set M := β(z) ∪ {z} is N-simply connected and can be reduced to the single point p by repeated deletion of (simple) points. Therefore its Euler-characteristic is
The set M \ {z, p, p ′ } is topologically equivalent to a circle. Thereby
Let E be an embedding of Z 2 in Z n , generated by τ and the translation σ between q and r. E contains the points p, z, p 
Definition 10 A separating pair of adjacencies (α, β) in Z n is a good pair, if for every p ∈ Z n the set β(p) contains no double points.
Theorem of Jordan-Brouwer
We want to prove a discrete variant of the theorem of Jordan-Brouwer. But we haven't seen anything of it yet. This will change right now.
Theorem 2 (The Discrete Theorem of Jordan-Brouwer) Let the set M
⊆ Z n be a (n − 1)-dimensional manifold under the pair (α, β) with n ≥ 2. Then Z n \ M
has exactly two path-connected components and S is their common boundary.
This formulation is slightly more general than the original one, which only deals with spheres. It follows immediately from number 3.42 of chapter XV of Alexandrovs book [1] , which reads as
is orientable, disconnects R n in exactly two path-components and is the common boundary of both of them.
We will see, how to construct a (n − 1)-pseudomanifold in R n from a discrete (n − 1)-manifold, thereby proving:
The theorem of Jordan-Brouwer is true.
The construction of a Simplicial Complex
We start with the following construction:
Given an adjacency α and arbitrary points p, q ∈ Z n , we define:
and
These are the line segments in R n between the points p and q. The first equation resembles an edge of the adjacency α in a geometric way for any α.
At first we construct the complex inside an arbitrary n-cube C n . Let M ⊆ C n ⊆ Z n be a α-connected set, and (α, β) be a good pair. Then we define a simplicial complex K (α,β) (M) = K(M) by the following process:
be the barycenter of C. Observe, that the barycenter need not to lie in the discrete space containing the cube C. But since every such space can be embedded in a natural way in some Euclidean space, the barycenter is defined.
Given some cube C ⊆ Z n of dimension 1 ≤ k ≤ n, we evaluate the test T (C) as true, if and only if
The test is true, if C is a subset of M, if the line segment between two α-neighbors in M ∩ C meet the barycenter of C, or if the line segment between two points of M c ∩ C, that are not β-connected meets the barycenter of C.
One could imagine the following situation: Two points p, q ∈ M define a barycenter of some k-cube C and at the same time two points p ′ , q ′ ∈ M c are β-connected and the segment [p ′ , q ′ ] meets this barycenter. This is a case we do not want but we will see in Lemma 9 , that the concept of double points is the key to avoid this.
We construct the complex K(M) inductively. First, consider the vertices:
If the simplices of dimension i − 1 are defined, we are able to construct the i-simplices for all C ⊆ C n . We thereby consider only the simplexes that are contained in the convex hull C ⊆ R n of the cube C ⊆ Z n :
This means, we connect the barycenters of the subcubes C of C n that satisfy the test T (C) to the already constructed (i−1)-simplices, thus forming i-simplices.
Remember, that if the test T (C) is true, then the barycenter of C is a vertex of our complex K(M).
The union of all K i (M) will be called K(M).
Lemma 7 The set K(M) is a simplicial complex for every fixed pair (α, β) and a set
M ⊆ C ⊆ Z n .
Proof.
We have to check the definition 2 of a simplicial complex.
First, we show that every face σ ′ of a simplex σ = (x 0 , . . . ,
, so σ has no proper faces and the proposition is true.
be the simplex formed by deletion of the j'th vertex.
For j = i the simplex σ j is by construction of K i a member of K i−1 and also lies in K.
Second, given different simplices σ, τ ∈ K(M) of the form σ = (x 0 , . . . , x k ) and τ = (y 0 , . . . , y j ), we need to show their disjointness. Suppose the vertex sets {x 0 , . . . , x k } and {y 0 , . . . , y j } are disjoint. Then, σ ∩ τ has to be empty, too. We prove this by induction over k.
If k = 0, so the proposition is true. So let k > 0 and let the claim be true for all proper subsets of {x 0 , . . . , x k }. σ arises from a (k − 1)-simplex by attachment of a barycenter x of a subcube of C n . By assumption, x is no vertex of τ. By the inductive hypothesis is
This is the boundary of σ. Therefore, σ ∩ τ = / 0 cannot be true.
proper face of σ and τ.
None of the vertices of τ lies in the inside of σ and vice versa, since the simplices arise by successively attaching barycenters to a vertex of C n . No face of τ can meet the inside of σ, because of the construction of the simplices.
Let M be a finite α-connected subset of Z n under the pair (α, β). M can be covered by a finite number of n-cubes C n 1 , . . . ,C n l . We define:
Lemma 8 K(M) is a simplicial complex for any finite set M ⊆ Z n under the pair (α, β).
Proof. The result follows immediately from the preceding lemma.
If M is not α-connected but finite then we can construct K(M) component wise.
The next lemma is crucial in our theory, since it establishes the connection between the topology of the discrete set M and the topology of the geometric realization |K(M)| in R n .
Lemma 9
Let M ⊆ Z n be a set under the pair (α, β) and K(M) the simplicial complex from the construction above. Then the following properties hold: 
The boundary of a component A ⊆ |K(M)| meets the boundary of a component B ⊆ |K(M)| c iff there exists a point in
Proof. 1 . To prove the first equation, we observe that a point p is in M, iff it is a vertex of K(M) and also a point of Z n . This is the case, iff p is in |K(M)| ∩ Z n . The second equation follows by an analog argument. This point x is in a k-simplex of K(M) that has a vertex in a n-cube C n , which meets A and B. There are points p, q ∈ C n ∩ Z n , such that p ∈ A ∩ Z n ⊆ M and q ∈ B ∩ Z n ⊆ M c . In C n exists a π-path from p to q. Since π ⊆ β this path need to contain two β-adjacent points such that one of them is in A ∩ Z n and the other is in B ∩ Z n .
(⇒) Let p, q be points from an
(⇐) Suppose there exist a β-path from p ∈ A ∩ Z n to q ∈ B ∩ Z n . This path can be extended to a π-path by insertion of certain points from Z n . There exist two π-neighbors p ′ ∈ A and q ′ ∈ B in Z n . By construction of K(M) the point p ′ has to be in the simplicial boundary of K(M) and therefore in the intersection of the boundaries of A and B.
The Construction of a Pseudomanifold
We now apply the construction of K(M) to digital (n − 1)-manifolds M with the goal to define a combinatorial (n − 1)-pseudomanifold (see definition 3).
Let M be a digital (n − 1)-manifold in the rest of the section. The first issue to be solved, is that K(M) needs not to be homogenous (n − 1)-dimensional by construction, since n-simplices are easily introduced. We solve this issue by finding a deformation retract
is constructed as follows: At first we remove all vertices from K(M) that are barycenters of the cubes C with only one β-component in C \ M. Then we remove all simplices, that contain such a barycenter as vertex.
The next lemma shows that this reduction preserves all the important topological properties of the initial complex K(M).
Lemma 10 The complex K ′ (M) is a triangulation of a strong deformation retract of K(M).
Proof. We begin by proving the next lemma:
Lemma 11 Let σ be a k-simplex and x be any vertex of K(σ). Then |K(σ \ {x})| is a strong deformation retract of |K(σ)|.
Proof.
We give a linear homotopy from |K(σ)| to |K(σ \ {x})|.
Given y ∈ |K(σ)| \ {x} let z be the point on the ray xy ⊆ R n that lies in ∂|K(σ)|, that is the boundary of σ. The function
is a linear homotopy between the given sets.
K(σ \ {x}) is a simplicial complex and by existence of f , the set |K(σ \ {x})| is a strong deformation retract of |K(σ)|.
Let now f σ be the homotopy defined above for every σ ∈ K(M) containing x as vertex. The removal of x from σ induces the following linear homotopy
There exists a σ with vertex x containing y y otherwise .
Since only a finite number of points are removed from M, we can consider the construction of K ′ (M) a finite sequence of linear homotopies of the form given above. Therefore, it follows that K ′ (M) is a strong deformation retract of the complex K(M).
Properties of a Digital Manifold
Proof. Since M is a digital (n − 1)-manifold, for all p ∈ M the set ω(p) \ M has exactly two β-components C p and D p (property 2).
Assume for contradiction C \ M has two β-components K 1 and K 2 in C M . For every p ∈ C ∩ M the components K 1 and K 2 are contained in C p and each β-path between K 1 and K 2 passes outside of C. By Lemma 3 exist in C ∩ M at least n points, since C \ M contains at least two β-components. Call these points p 1 , . . . , p n .
Let C ′ be a (n − 2)-subcube of C, such that C ′ ∩ M has a maximal number of points. There exist two translations τ 1 and τ 2 such that
It is not possible to have for every choice of C ′ :
since otherwise C \ M would only contain one β-component, but K 1 and K 2 are two components. The set C ∩ M is by property 1 of M α-connected and therefore, we have a contradiction to the separation property, because the formula 39 is the core requirement of this property.
Proof. This follows from Lemma 12 and Lemma 5. 
Proof.
The proposition holds for n-cubes containing increasing sequences ordered by inclusion that share no point with M. Corollary 1 guarantees the existence of at most two β-components in C n \ M of any such sequence C 0 , . . . ,C n .
Assume for contraction that in a sequence C 0 , . . . ,C n exists a ( j + 1)-cube C j+1 that contains two more β-components in M c than j-cube C j . We know, that a translation τ 1 exists with
for some translation τ 2 . The points of the two β-components of C j+1 \ M are contained in τ 1 (C j−1 ) and τ 1 τ 2 (C j−1 ), since C j must be completely contained in M. We cannot find a point p in a β-component of τ 1 (C j−1 ) \ M for every possible choice of C j−1 such that τ 2 (p) lies in τ 1 τ 2 (C j−1 ) \ M, because otherwise, there could not be two β-components in C j+1 \ M. But this clearly contradicts the separation property of M as one can see in figure 4 . Furthermore, the number of β-components of a C j \ M in a sequence as given above, cannot exceed the number of β-components of C j+1 \ M. In this case two β-components C j \ M would be contained in one β-component of C j+1 \ M, which is impossible as Lemma 12 shows. No other possibilities exist and therefore, the Lemma is proven. Let τ 1 , . . . , τ n be those generators of Z n that satisfy τ i (p) = p i and let C 1 , . . . ,C n be the (n − 1)-cubes with C i ∩ C = / 0 and τ i (C i ) ⊆ C. One of these cubes C i has to contain two β-components in M c , since all points p i in C must be β-adjacent to C p and D p . In the case n = 2 it is clear that no such C i can exist. For greater n let w.l.o.g. be C n this cube. We know that in C i exists a point of M. This point is β-adjacent to τ i (C i ) ⊆ C and τ i (C i ) ∪ C i is a n-cube. We construct an increasing sequence of cubes ordered by inclusion:
The cubes C 0 , . . . ,C n−1 are completely contained in C ⊆ M, but the cube C n contains two β-components in M c by assumption. By Lemma 13 this is impossible. Therefore, we conclude that no n-cube lies completely in M.
has two β-components. These are contained in C p and D p respectively for every p ∈ C.
Proof. We use induction on k.
For k = 0 the result follows from property 1 of the (n − 1)-manifold M.
In the case k > 0 let C = C ′ ∪ τ(C ′ ) ⊆ M be a k-cube for some suitable translation τ. The cube C is contained in M and the (k − 1)-cubes C ′ and τ(C ′ ) satisfy the induction hypothesis. The sets
each contain two β-components.
In τ(C ′ ) lie the π-neighbors q = τ(p) for all p ∈ C ′ . Those points q possess β-neighbors in ω(p) \ M by property 2 of M. It follows that they also contain β-neighbors in
The same holds for equation 45 . Thus, the set
contains n-cubes, because C and C ′ only differ by a single translation τ. These n-cubes have points of M c that belong to D p or C p , respectively. These points are β-connected in the corresponding β-components of p∈C ω(p) \ M.
Since no n-cube can be contained in a (n − 1)-manifold, the proposition holds for kcubes C with k ≤ n − 1. The set p∈C ω(p) \ M therefore has two β-components.
Lemma 16
Given any (n − 1)-manifold M ⊆ Z n , n ≥ 2 under the pair (α, β) the complex K ′ (M) contains no n-simplices.
Proof.
None of the n-cubes C n with C n ∩ M = / 0, can be contained completely in M.
Thus, in every increasing sequence of cubes ordered by inclusion C 0 , . . . ,C n exists at least one cube C j that has only one β-component in M c . By construction, this cube C j has no barycenter in K ′ (M) and thus the cubes of the sequence define at most n barycenters, but a n-simplex is defined by n + 1 points.
The Proof of the Theorem of Jordan-Brouwer for Digital Manifolds
Having constructed the simplicial complex K ′ (M), which is guaranteed to contain no n-simplices, all we have to do now, is to prove the next theorem. In the formulation of the theorem we use good pairs (α, β) although the definition of good pair itself relies on (n − 1)-manifolds. If one checks decently, he will notice, that in no argument during the proof of Theorem 5, we use the property of (α, β) to be a separating pair. So, we could require (α, β) to be just a pair without double points and the correctness of the proof won't be affected. Furthermore, no circularity is introduced.
Proof:
We have to check that K ′ (M) has the properties of a (n − 1)-pseudomanifold. The proof is split into three parts, as Lemma 17, Lemma 18 and Lemma 19.
The Homogeneity Lemma 17 (The Homogeneity) For every digital
Idea of the proof: Given a simplex σ we take a sequence of cubes whose barycenters are the vertices of σ. If the dimension of σ is n − 1, the lemma is true by reflexivity of the face realation. Otherwise, we know by the properties of M that in a sequence of n + 1 cubes C 0 , . . . ,C n , which is ordered by inclusion and meets M in every cube, exactly one cube looses its barycenter in the transition from K(M) to K ′ (M). And so we can augment the sequence corresponding to σ by at least one cube with a barycenter in K ′ (M). Thus, defining inductively a (n − 1)-simplex, that has σ as a face.
Proof. Let σ be any k-simplex in K ′ (M).
We will prove the proposition by induction on i = (n − 1) − k. Remember, that by Lemma 16 no n-simplices can be contained in
In this case σ is a n-simplex and by reflexivity of the face relation it is its own face. Therefore, the proposition is true.
i > 0. The simplex σ is contained in a cube C of minimal dimension. Let the barycenter of C be the last vertex that was inserted in σ during the construction of K(M) and that was not deleted during the transition from
We will show the existence of a cube C * whose barycenter x lies in K ′ (M) and is no vertex of σ. The cube C * is either a sub-or supercube of C. We can use x to construct a (k + 1)-simplex σ ′ out of σ such that the induction hypothesis is satisfied. Since σ is a face of σ ′ by transitivity of the face relation σ is then contained in a n-simplex. 
the subsequence of all cubes of F that are contained in M and let
be the subsequence of cubes in F that contain two β-components in M c . By Lemma 5 the relation m < m ′ holds and the dimensions of the cubes in the first sequence are at most m and the dimensions of those in the second sequence are at least m ′ .
Case 2.1.2.1: If in one of the two subsequences exist two consecutive cubes C i and C j with j < i + 1 then we can find a cube C * with C i ⊆ C * ⊆ C j that has the same number of β-components in M c as C i . Therefore, the barycenter x of C * ends up in K ′ (M) and we may construct σ ′ from σ. 
between C m and C m ′ has the property that all its cubes only have one β-component in M c .
Since dim(σ) < n − 1 and C 0 , . . . ,C n is the sequence of cubes whose barycenters are the vertices of σ, the values m + 1 and m ′ − 1 have to be distinct. Therefore any sequence of the form 49 has at least two Elements.
Consider the following sets
The set S m+1 consists of all (m + 1)-cubes that contain C m and S m+2 represents the set of (m + 2)-cubes that contain C m . We choose a C ′ ∈ S m+1 . Then, C ′ is of the form 
Analog relations hold for τ 1 τ 3 (C m ) and τ 2 τ 3 (C m ). Therefore, C ′′ \ M contains only one β-component for each C ′′ .
Let C ′′′ any (m + 3)-cube containing C m . C ′′′ cannot contain two β-components in M c , since C ′′′ has the following form for pairwise distinct simple translations τ 1 , τ 2 , τ 3 that are no generators of C m :
by separation property the following holds
Together these observations yield the proposition that one of the m-cubes C m ∪ τ i (C m ), i = 1, 2, 3 has a maximal number of points in M. W.l.o.g let this be the one with i = 1. We have
This means that C ′′′ \ M has only one β-component if M has the separation property and all subcubes C ′ and C ′′ of C ′′′ contain only one β-component in M c . It is easy to extrapolate the argument to even higher dimensional cubes. This leads to a contradiction to the form of the sequences 47 and 48. We may conclude, that each sequence 49 needs to contain some cube C * that has either none or two β-components in M c and the barycenter x of C * may be used to define σ ′ out of σ. Therefore, we can find a cube C * containing C with either none or two β-components in M c and we are able to construct σ ′ from σ.
The Nondegenerateness
Lemma 18 (The Nondegenerateness) Let M ⊆ Z n for n ≥ 2 be a (n − 1)-manifold under the good pair (α, β). Then
Idea of the proof: Given a (n − 2)-simplex σ we have to construct on the base of M two (n − 1)-simplices σ 1 and σ 2 in K ′ (M), each containing σ as a face. This is done again by considering the sequence of cubes ordered by inclusion, whose barycenters are the vertices of σ. If we augment this sequence to a maximal sequence with n + 1 cubes, only one of the cubes has to loose its barycenter during the transition from K(M) to K ′ (M). We will show, that there are always two possible choices for cubes to be inserted during the augmentation, and these do not loose their barycenters. Then we can use these barycenters to define σ 1 and σ 2 from σ.
Proof. Let C be the cube of minimal dimension containing σ.
Case 1: k = n The cube C \ M contains two β-components in M c . Let
be the sequence of cubes ordered by inclusion whose barycenters define σ. 
There exist three translations τ 1 , τ 2 , τ 3 , by which the cube C i j+1 can be generated from C i j . We define the following cubes
and examine the relations between these cubes and M:
The two situations are dual. This can not be the case:
Because of the assumption on C xy , x, y = 1, 2, 3, x < y, we can conclude
Since M has the separation property and C i j ⊆ M the relation
holds. Analog to the case 2.1.2.2 of the last proof C i j+1 \ M cannot contain two β-components. But this is a contradiction to the precondition on i j+1 . The subcube τ 3 (C i j ) possesses points in M c . We take a look at C 13 . If this cube had two β-components in M c then its points would be contained in τ 1 (C i j ) and τ 1 τ 3 (C i j ), respectively, since C 1 ⊆ M. But then the sequence
would contradict the Lemma 13, because the cubes C 1 and C 13 differ by two β-components. An analog argument can be used for C 23 . Therefore, only the two barycenters of C 1 and C 2 exist in K ′ (M) and thus we can define the two simplices σ 1 and σ 2 . The cube τ 1 (C i j ) cannot be contained in M since the sequence
would lead to a contradiction to Lemma 5. An analog argument holds for τ 2 (C j ) and τ 3 (C j ), but by using C 2 and C 12 respectively C 3 and C 13 .
The cubes C 1 ,C 2 and C 3 can not contain two β-components in M c since then we would reach a contradiction to Lemma 5, for instance with the sequence
We use the barycenters of C 12 and C 13 to construct the (n − 1)-simplices σ 1 and σ 2 .
Case 1.2.5: Let C 12 \ M contain two β-components and let the sets C 13 \ M and C 23 \ M have only one. Therefore, the cubes C 1 and C 2 need to possess only one β-component in M c , since they are subcubes of C 12 . This means, that points from M c are contained in τ 1 (C i j ) and τ 2 (C i j ). If C 3 ⊆ M has only one β-component we would reach a contradiction as in case 1.2.1, since C 1 ,C 2 and C 3 would then contain only one β-component in M c . Therefore, C 3 is a subset of M, and the barycenters needed to construct σ 1 and σ 2 stem from C 12 and C 3 .
Case 2: k < n.
Case 2.1: The cube C lies in M and k = n − 1. Then, in the sequence
holds either i 0 = 0 or i 0 = 1. In the case i 0 > 0 we can argument as in case 1.1.
In the case i 0 = 0 there exists an index j ∈ {0, . . . , k − 1} such that i j+1 = i j + 2 since σ has dimension n−2. There exist exactly two (i j +1)-cubes C 1 and C 2 that are contained in M, just like all the other cubes of the sequence. The barycenters of C 1 and C 2 let us define σ 1 and σ 2 .
Case 2.2: The set C \ M has two β-components in M c and k = n − 1. Then two cubes exist that contain C and both of them need to have two β-components in M c . We can use their barycenters to define σ 1 and σ 2 . 1. There are two (n − 2)-cubes C 1 and C 2 completely contained in M. If there were more, then p∈C \M would contain more than two β-components. If there were just one such, then we had only one β-component.
2.
There are exactly two n-cubes C 1 and C 2 containing two β-components in M c .
With analog justification as in the case above.
3. There is exactly one (n − 2)-cube C 1 contained in M and exactly one n-cube C 2 containing two β-components in M c . Again with analog explanation as in the case above.
in any of the three cases we can construct the two (n − 1)-simplices σ 1 and σ 2 from the cubes we found.
The strong connectivity
Lemma 19 (The Strong Connectivity) Let M ⊆ Z n for n ≥ 2 be a (n − 1)-manifold under the good pair (α, β). Then K ′ (M) is strongly connected.
Idea of the proof:
Given any two (n − 1)-simplices σ and σ ′ , we know that each of them must have a vertex p and p ′ , respectively, in the set M ⊆ Z n . Since M is α-connected, we can find a path P from p to p ′ , which meets some n-cubes C 0 , . . . ,C m . We will show that this sequence of n-cubes can be chosen such that two consecutive cubes share a common (n − 1)-or a common (n − 2)-subcube. We are able to construct sequences of (n − 1)-simplices with the desired property, first inside any of these cubes and even in between of them. As a rule of thumb, one can say that the property of the simplices follows from the same property of the cubes covering the (m − 1)-manifold M.
We first prove the following lemma:
Lemma 20 Let M ⊆ Z n for n ≥ 2 be a (n−1)-manifold and let C 0 , . . . ,C l be a sequence of k-cubes, k > 1. Let C 0 , . . . ,C l be a sequence of k-cubes satisfying the precondition of the Lemma. Let σ i be the simplex we found last in our already constructed sequence.
In C 0 such a simplex exists. This is σ 0 in the beginning. We need to find a sequence of k-simplices leading from C i to C i+1 . We can use the same argument for all cubes of the sequence. Let x i be the barycenter of C i
Obviously, In C i exists a sequence of subcubes C ′ 0 , . . . ,C ′ j satisfying the induction hypothesis. Therefore exists a sequence σ i \ x i = σ ′ 0 , . . . , σ ′ j of (k − 1)-simplices and two consecutive elements of this sequence share a common (k − 2)-face.
By augmenting all (k − 1)-simplices of this sequence by x i we can construct the sequence of k-simplices we are looking for. The simplex σ ′ j can also be augmented by x j , the barycenter of C j . The result lies in C j and we can iterate the construction with (σ 
The intersection of two consecutive
(k − 1)-cubes is a (k − 2)-cube contained in M.
The intersection of a k-cube and a subsequent
(k − 1)-cube is a (k − 2)-cube contained
in M (and vice versa).
Then exists a sequence σ 0 , . . . , σ l ′ of (k − 1)-simplices such that σ 0 ⊆ C 0 , σ l ′ ⊆ C l and σ i and σ i+1 share a common (k − 2)-face for i ∈ {0, . . . , l − 1}. By induction hypothesis we have a sequence σ ′ 0 , . . . , σ ′ j of (k − 2)-simplices such that consecutive elements share a common (k − 3)-face. The augmentation of the elements of the sequence by the barycenter x i of C i yields a sequence of (k − 1)-simplices with the desired property. This sequence lies completely in C i . We have to do the transition into C i+1 yet. This is simply done by exchanging the vertex x i in σ ′ j by the barycenter x i+1 of C i+1 . Thus, the desired subsequence of simplices is constructed.
Case 2: The cube C i ∩ C i+1 is a (k − 1)-simplex with two β-components in M c . We proceed analogue to the case above with the only difference that the cube C j in the sequence C 0 , . . . ,C j is now a (k − 1)-cube with two β-components in M c . 2 . The case of a subsequence of (k − 1)-cubes is handled by 20. 3 . The transition from a k-cube C i to a (k − 1)-cube C i+1 can be handled like the first case. But the cube c j of the sequence
We will now use the two lemmata to prove the strong connectivity of K ′ (M).
Proof. We will try to create a situation where Lemma 21 applies.
Let σ and σ ′ be any two (n − 1)-simplices in K ′ (M). The simplices σ and σ ′ each contain a vertex in M. Let these vertices be p and p ′ . Since M is α-connected, we can find an α-path P from p to p ′ . The path P meets certain n-cubes C 0 . . . ,C l in this order and these cubes either contain one or two β-components in M c .
Let r and q be any two consecutive points on the path P. We show how to construct a sequence of cubes satisfying the preconditions of Lemma 21 locally with the help of r and q. The method can be extended to the whole path P.
The path P induces a path in K ′ (M) that contains 1-simplices σ ′ 1 and σ ′ 2 . These two simplices possess the vertices r and q, respectively. By Lemma 17 two simplices σ 1 and σ 2 do exist, having the respective 1-simplex as a face.
Case 1: The simplices σ 1 and σ 2 may be found in a common n-cube C. Case 1.1: The set C \ M has two β-components. Therefore, the sequence comprised of the single cube C satisfies the premisses of Lemma 21. Thus we can construct the sequence of simplices in question. Case 1.2: The set C \ M has only one β-component. Since σ 1 and σ 2 are contained in C and the barycenter of C is not in K ′ (M), the simplices have to be situated in some
If C 1 = C 2 , then the C 1 is a sequence such that Lemma 21 may be applied. Otherwise C 1 and C 2 contain a common (n − 2) subcube. If this was not the case, C 1 and C 2 would differ by a translation and C would be situated in M. But this is impossible. Thus the afore-mentioned lemma may be applied.
Case 2: The n-simplices σ 1 and σ 2 can only be located in different cubes. These cubes must have dimension n or n − 1.
Since r and q are consecutive points of P they have to be α-neighbors. This means that they are contained in a common k-cube C, 1 < k < n. Let k be minimal. Assume for contradiction that no other point of M is in C.
The case k = 1 only happens for n > 2, because for n = 2 in C obviously exists a n − 1 = k-cube containing the two 1-simplices. The precondition of case 2 disallows a n-cube with vertices r and q that contains the n-simplices σ 1 and σ 2 . Therefore, any n-cube and even any (n − 1)-cube containing C encloses exactly one β-component in M c . The set ω(r) ∩ ω(q) \ M inherits this property and thus only has one β-component. This contradicts the property 3 of a (n − 1)-manifold.
In the case k ≥ 2 for the k-cube C, the manifold M is separated by M c in C. To see this, we argue that r and q have to be located on diagonal vertices in C, since C has minimal dimension and no other points of M are contained in C. Let C * be any (k − 2)-subcube of C with r ∈ C * and let τ 1 , τ 2 be the translations that generate C from C * . Then τ i (C * ) ∩ M is empty but τ 1 τ 2 (C * ) contains q. This contradicts the separation property of M.
We conclude that at least one additional point s is in C and this point is α-connected to r and q. Therefore, we are able to augment the path P locally by such points s between r and q. We do not state here, that s is α-adjacent to r and q but from property 1 of M follows the existence of a local path r, s 1 , . . . , s m , q for some m ≥ 1.
We now consider only one point s with predecessor r and successor q. The points q, r are contained in ω(s) and so the simplices σ 1 and σ 2 are located in two cubes C ′ and C ′′ , respectively, of dimension n or n − 1. The cubes C ′ and C ′′ are situated in ω(s). Such a situation can always be achieved, since the α-adjacency of consecutive points induces 1-simplices that are faces of n-simplices by Lemma 17. Also compare this to the first case of this proof.
We now will construct a sequence of cubes F = (C 0 , . . . ,C l ) inside the set ω(s). Let C ′ be the last cube we explored. At the beginning holds F = (C ′ ). The cube C ′′ will always be the goal-cube. We also give every cube we already explored a mark.
If the set C * = C ′ ∩ C ′′ contains a (n − 1)-cube with two β-components in M c or a (n − 2)-cube in M, then the cube C ′′ is appended to F. The construction of F has come to an end and F satisfies the premisses of Lemma 21.
Else, let C be a n-cube of ω(s) that is not yet in F and not yet marked. Let C # be the cube C ∩ C ′ . If C \ M and C # \ M contain two β-components, then append C to F and iterate the process with C in the place of C ′ .
Else, all the n-cubes C of ω(s) that are not yet in F, that are not marked and share a common (n − 1)-cube with C ′′ , have one β-component in M c .
The n-cube C ′ then contains a (n − 2)-subcube C # ⊆ M. This holds, since C ′ contains a (n − 1)-simplex σ with vertex s and C 0 , . . . ,C # ,C * ,C ′ is a sequence of cubes ordered by inclusion of the length n + 1. The elements of the sequence are corresponding with the vertices of σ except for one (that is C * ). The set C ′ \ M has two β-components and C * \ M has exactly one, otherwise we were in another case. We conclude that C # is contained in M. By Lemma 15 we can find two β-components in p∈C # ω(p) \ M and thus, in p∈C # ω(p) exists a cube C with one of the properties
If C is not already in F and C is not already marked, then append C to F and iterate the process.
Else, all the cubes C of ω(s) are already in F or marked. We look for the last cube D in F such that one of the cases 2.1 to 2.4 is applicable. We remove all of the cubes between D and C ′ , mark them and let D take the role of C ′ . We will show in Lemma 22 that such a cube D always exists.
Case 2.2: dim(C ′ ) = n − 1 and dim(C ′′ ) = n. In this case holds C ′ ⊆ M and C ′′ has one or two β-components in M c . If C * = C ′ ∩C ′′ is a (n − 2)-cube in M then F is completely constructed and Lemma 21 may be applied.
Else we can find in
If in the set p∈C # ω(p) exists a cube C with
that is not yet in F and not yet marked, then append it to F, let C play the role of C ′ an iterate the process.
then the sequence is correctly constructed. The rest of the case is like case 2.2. 
Proof.
We assume for contradiction that C ′′ gets never in the sequence F.
We define a set c F of n-cubes (of ω(s)) to contain the cubes that got marked or got in F during the search process and that have the following property: Let C 1 ,C 2 be cubes in c F then is either C 1 ∩ C 2 a (n − 1)-cube or there is a sequence C 1 , . . . ,C 2 such that the intersection of consecutive cubes are (n − 1)-cubes. Let us denote the intersection of all those sets c F with C F . The set C F is well-defined since it is constructed from n-cubes of set ω(s) defined above. Let C F be the set of n-cubes in ω(s) that are not in F and let ∂C F be the set of (n − 1)-cubes that are subcubes of a cube in C F and of a cube in C F .
By assumption C ′′ is not in F therefore C ′′ cannot have been marked, since all marked cubes were once in F.
No (n − 1)-cube C with two β-components in M c can be in ∂C F since from the two n-cubes containing C one had to be in C F , the other in C F . But the algorithm for case 2 would explore both n-cubes and so both n-cubes end up in F or get marked. One can see that C F may contain n-cubes with two β-components in M c . Some of them (maybe none) contain a subcube in ∂C F that possesses points in M c (see figure   12 ). Therefore, we can define the β-component K 1 of C F \ M as the one that has no points in ∂C F . The set ∂C F \ M may be empty, but if not, then C F \ M contains two β-components. Since C ′′ is no element of F, we can start the construction-algorithm for the sequence F with the cube C ′′ instead of C ′ . We get a sequence F ′ that does not have C ′ as an element, and we can define C F ′ , ∂C F ′ and C F ′ analog to the sets above. Thus, we get a β-component of C F ′ \ M that has no points in ∂C F ′ \ M. Call this β-component
The β-components K 1 and K 2 are necessarily distinct and not β-connected, since C F ⊆ C F ′ and C F ′ ⊆ C F and every β-path between K 1 and K 2 would meet ∂C F .
The set ∂C F \ M does not contain any points that are β-connected to K 1 . An analog argument holds for K 2 .
If the relation
holds, the set ω(s) \ M has three β-components, since ∂C F = ∂C F ′ . This is not possible in a digital (n − 1)-manifold because of property 2. Thus C ′′ would end up in F.
If instead the relation
holds, then ∂C F = ∂C F ′ cannot be true, because any (n − 2)-cube in ∂C F is completely contained in M and therefore it is also contained in F and in F ′ . This contradicts the assumption that C ′′ never gets in F, because the algorithm would have discovered C ′′ eventually.
Therefore, ∂C F and ∂C F ′ have to be distinct. Since the sets C F and C F ′ are disjoint and C F ∩ C F is distinct from C F ′ ∩ C F ′ , it is possible to find a n-cube C in the set C F ∩ C F ′ . This cube C contains a point p of M c that is also in C F ∩ C F ′ . The point p cannot be β-connected to K 1 or K 2 . Again, three β-components do exist in ω(s) \ M. Again, the definition of a (n − 1)-manifold is contradicted and so we have to conclude that C ′′ needs to end up in F.
The cube C ′′ is to be found by the algorithm and the sequence of simplices gets constructed correctly between two cubes by Lemma 21. This means in particular that the cube D from case 2.1 will be discovered, if necessary.
We now can use our knowledge how to construct sequences of n-simplices inside of cubes and between two cubes, to build a sequence of n-cubes from the arbitrary chosen points p and p ′ of M. Thereby the strong connectivity is proven.
We see, that the simplicial complex K ′ (M) is a (n − 1)-pseudomanifold for any given (n − 1)-manifold, and we know that the geometric realization |K ′ (M)| of K ′ (M) is a topological manifold in R n , i.e. a polytope of dimension n − 1 in R n . Thus, we can apply the original Theorem of Jordan-Brouwer to show, that by Lemma 9 M has the same topological properties as |K ′ (M)|. This means M decomposes Z n in exactly two connected β-components and is itself the boundary of both. To see, that M is the boundary of both β-components, one has to show that no point can be removed from M without turning the set Z n \ M into one β-component. This follows from the Property 2 of M.
Lemma 23
Let M ⊆ Z n be a (n − 1)-manifold under the good pair (α, β). Then M contains no simple points.
Proof.
Any point p ∈ M is β-adjacent to two β-components of ω(p) \ M. These β-components have a nonempty intersection with the two β-components of M c by Theorem 1. If we would remove p from M then those two β-components would become one. Thus p cannot be simple.
Conclusions
In this text we gave an overview on the study of the adjacency-relations that admits the possibility of defining discrete analogs to (n − 1)-dimensional manifolds. To achieve this goal, we gave the definition of a digital (n − 1)-manifold. This definition is new in the sense, that it generalizes to arbitrary dimensions and to arbitrary good pairs of adjacency-relations. It relies heavily on the concept of the separation property given in the definition 7. During the research to this results, the author has shown that some known standard adjacency-relations give good pairs. The results will be published as soon as possible in another paper. Furtermore a set of axioms has been found that allows the formal definition of a digital geometry in arbitrary dimensions. This set of axioms is based on the work of Albrecht Hübler [5] .
Further topics of research may include a definition of discrete k-manifolds in Z n for 0 ≤ k ≤ n. One also could try to translate topological theorems from R n to Z n .
